This paper deals with a quasilinear parabolic system coupled via both nonlinear reaction terms and nonlinear boundary flux. As the results of the interaction among the multi-coupled nonlinearities in the system, some appropriate conditions for global existence and global nonexistence of solutions are determined respectively.
Introduction
In this paper, we consider the following quasilinear parabolic system with multi-coupled nonlinearities:
where Ω is bounded domain in R N (N 1) with smooth boundary ∂Ω, ∂/∂η is the outward derivative on ∂Ω, constants m, n > 0, α i , β i , p i , q i 0, i = 1, 2. 1 can be interpreted as fast diffusion equations (m, n > 1), slow diffusion equations (0 < m, n < 1) and heat equations (m, n = 1) with coupled reaction terms, and the nonlinear boundary conditions ∂u/∂η = u α 2 v p 2 and ∂v/∂η = u q 2 v β 2 can be used to describe the nonlinear radiation laws in heat equations.
Some special cases of (1)- (3), where just one of coupled nonlinear reaction and coupled nonlinear boundary flux is included, have been studied by many authors. We refer to Amann [1] , Escher [11] , Wang [25, 26] , Zheng [29] [30] [31] and references therein.
Recall the single quasilinear parabolic equation without reaction term,
with m > 0, α 0. It is known that [13, 24, 27, 28 ] the solutions of (4)- (6) It should be mentioned that this type of equations, without the reaction part, are known in literatures as the p-Laplacian equations, which are known to model compressible flows in porous medium. In particular, Eq. (4) has been studied extensively in its different form of u t = ∆u m in R N by various authors, see, e.g., [3, 4, [7] [8] [9] [10] 16] .
Recently, the authors studied a single quasilinear parabolic equation with multiple nonlinearities of the form [22] ,
with m > 0, α 1 , α 2 0. It was proved that the solutions of (7)- (9) One can see also [2, 5, 12, 15, [18] [19] [20] 23] for the other cases of single equations. Wang et al. [25, 26] studied the following nonlinear diffusion system with nonlinear boundary conditions,
with m, n > 0, α, β 0, p, q > 0. They obtained that the solutions of (10)-(12) exist globally if and only if α m, β n, pq (m − α)(n − β) for 0 < m, n 1. However, for the case of m 1, n > 1 and the case of 0 < m < 1, n > 1, they only gave some sufficient conditions to the global existence and the blow-up of the solutions in the general domain Ω. They proved for the special case Ω = B(0, R) (the ball centered at the origin in R N with radius R) that the solutions of (10)- (12) Observing that both of the nonlinear reaction terms and the nonlinear boundary flux in (1)-(3) are positive, which together with the positivity of the initial data on Ω make the solutions positive and uniformly bounded from zero. By the classical results [17, 21] , one knows that there is a unique local classical solution (u(x, t), v(x, t)) to (1)- (3) .
The main results of this paper are the following theorems on global existence conditions and blow-up conditions to problem (1)-(3). These results are heavily relying on very classical and well established technique, namely, the comparison principle. Various constructive procedures used in this paper are motivated by, e.g., [14, 26] as well as based on some earlier work of the authors [22] . 
While the solutions will blow up in finite time if at least one of the following eight conditions holds:
If m = n = 1, then Theorem 2 implies a precise blow-up criterion as follows: 
The following corollary with p 1 = q 1 = 0 follows from Theorem 3: 
Similarly, for the special case
we have the following corollary:
Then the solutions of (16)- (18) exist globally if and
. Then the solutions of (16)-(18) exist globally if and only
The quasilinear parabolic equations considered in Corollaries 2 and 3 are coupled via just one kind of nonlinearity from either nonlinear reaction terms or nonlinear boundary flux. Moreover, we have a corollary for the case of q 2 = 0,
as well:
Remark. Corollaries 1-4 give the necessary and sufficient blow-up conditions to the solutions of problem (1)- (3) for the corresponding special cases there.
This paper is organized as follows. Some preliminary propositions will be established in Section 2. Then, we will prove Theorems 1-3 in Sections 3-5, respectively.
Preliminary propositions
Denote min( u
We give some preliminary propositions at first. Proof. Without loss of generality, assume α 1 > m. Consider the single equation
We know from [22, 27] that z blows up in finite time. Since v δ by the comparison principle, thus (z, δ) is a subsolution of (1)- (3) Proof. Construct
,
It is easy to check that ( u, v ) is a subsolution of (1)- (3), which implies a finite blow-up of the solutions of (1)- (3). ✷
At the end of this section, we describe two simple facts without proofs.
Fact 1. Suppose that positive constants
A 1 , B 1 , C 1 , D 1 , A 2 , B 2 , C 2 , D 2 satisfy A 1 /C 1 D 1 /B 1 , A 2 /C 2 D 2 /B 2 and that either A 2 /C 2 ∈ [A 1 /C 1 , D 1 /B 1 ] or A 1 /C 1 ∈ [A 2 /C 2 , D 2 /B 2 ] holds. Then there exist positive constants K and L such that max(A 1 /C 1 , A 2 /C 2 ) K/L min(D 1 /B 1 , D 2 /B 2 ).
Fact 2. Suppose that positive constants A, B, C, D satisfy AB < CD. Then for any two positive constants a, b, there exist two positive constants
k, l such that ak C > l A , bl D > k B .
Proof of Theorem 1
We begin with three lemmas.
Then the solutions of (1)-(3) blow up in finite time.
Proof. Notice that the solutions of (10)- (12) are just subsolutions of (1)- (3). The blowup result for the solutions of (10)- (12) (see [26] ) yields the blow-up of solutions to
Proof. Without loss of generality, suppose p 1 q 2 > (m − α 1 )(n − β 2 ). Consider the following two subcases:
where h(x) is the positive solution of the linear problem
with c 1 h(x) c 2 for some positive constants c 1 and c 2 , |Ω| and |∂Ω| being the Lebesgue measures of Ω and ∂Ω, respectively (it is obviously to see by integrating ∆h (x) over Ω that the problem (22) can be solved only if λ = |∂Ω|/|Ω|), and
It is easy to see that u(
On the other hand, we have
on the boundary ∂Ω.
It is easy to check that ( u, v ) is a subsolution of (1)- (3), which blows up in finite time.
We know from the subcase (i) that (w, z) blows up in finite time, and so do the solutions of (1)-(3). ✷
Remark 3.3. By choosing
we can prove in the similar way that the solutions of (1) Proof. Set
for (x, t) ∈ Ω × R + , where h(x) is the solution of (22) 
on Ω. Choose B such that B log B = c 2 max(2(1 − m), 2(1 − n)). By Fact 2, there exist positive constants A, C such that
Next, choose A, C such that
By Fact 1, we know that there exist k, l satisfying
and k
is a supsolution of (1)-(3), which means that the solutions of (1)- (3) 
Proof of Theorem 2
The proof of Theorem 2 consists of two lemmas, the first of which together with a corollary gives sufficient blow-up conditions. 
where
ln , and φ(x) is the first eigenfunction normalized by max x∈Ω φ(x) = 1/2 with the corresponding eigenvalue λ 0 to the problem
It is well known that λ 0 > 0, φ(x) > 0 in Ω, and ∂φ/∂η < 0 on ∂Ω and |∇φ| c 3 for all x ∈ Ω. Moreover, c 4 −∂φ/∂η c 5 on ∂Ω for some positive constants c 4 and c 5 (see, e.g., [6] ). We have also |∇φ| c 6 provided x ∈ {x ∈ Ω: dist(x, ∂Ω) ε} with c 6 = c 4 /2 and some positive constant ε. For the fixed ε, there exists positive constant c 7 such that
If x ∈ {x ∈ Ω: dist(x, ∂Ω) > ε}, then ∆(−φ) = λ 0 φ λ 0 c 7 , and hence
If x ∈ {x ∈ Ω: dist(x, ∂Ω) ε}, then |∇φ| 2 c 2 6 , and thus
On the other hand,
We have on the boundary that
It is easy to check that ( u, v ) is a subsolution of (10)- (12) .
If m = 1, set v as above with
If m = n = 1, set
By similar arguments we can conform that ( u, v ) is a subsolution of (10)- (12), which blows up in finite time under the conditions of the lemma. ✷
Observing that the solutions of (10)- (12) are always the subsolutions of (1)- (3) for the same m, n, α 2 , β 2 , p 2 , q 2 and the same initial values, we get the following corollary immediately. 
Proof. We only prove the case of
The proof for the another case is similar.
Set
and φ(x) is the first eigenfunction to the problem (23), normalized by
It is easy to check that ( u, v) is a subsolution of (1) 
for 0 < m < 1, n 1, then by the similar proof as that of Lemma 4.3, we can obtain also that the solutions of (1) 
Now we give sufficient conditions for the global existence of solutions.
where k, l are positive constants to be determined, φ(x) is the first eigenfunction of the problem (23), normalized by 
Similarly, we can get (v n ) t lne lnt and 
We have shown that (u, v) is a supsolution of (1)- (3), which implies that the solutions of (1)- (3) It is easy to check that ( u, v ) is a subsolution of (10)- (12), which implies that the solutions of (10)- (12) Then its solution (w, z) is a subsolution of (10)- (12) . We know from subcase (i) that (w, z) blows up in finite time. Thus, the solutions of (10) Then the blow-up result follows. ✷
Observing that the solutions of (10)- (12) are always subsolutions of (1)-(3) for the same m, n, α 2 , β 2 , p 2 , q 2 and the same initial data, we obtain the following corollary. We can see that (u, v) is a supsolution of (1)- (3), and thus the solutions of (1)- (3) 
